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In quantum physics Wigner’s rotation is commonly regarded as confirmed by the Thomas preces-
sion in a hydrogen like atom. In this paper we show that a direct experimental verification of Wigner’s
rotation is in principle accessible in the regime of non-relativistic velocities at 2 · 103 m/s and propose
an experiment using thermal neutrons. The experiment can be carried out in a laboratory and it
provides a test of relativity in the quantum domain.
Introduction.—Over the last decades a large number of
experiments have been carried out to verify the foun-
dations of physics. Their significance lies in provid-
ing direct tests (in contrast to mere effects) of particu-
lar properties of physical systems to a high degree of
accuracy. Wigner rotation first came to the fore in the
context of atomic physics when Thomas showed that
the hydrogen atom needs a relativistic correction due
to a phenomenon that came to be called the Thomas
precession [1]. In a nutshell, the Wigner rotation is a
phenomenon that if a physical system undergoes non-
collinear Lorentz boosts, then it is rotated relative to the
original frame. Measurements of atomic spectra provide
indirect confirmation of the Wigner rotation.
In this paper we show that a direct experimental ver-
ification of Wigner rotation is in principle accessible in
the regime of non-relativistic velocities at 2 · 103 m/s
in an implementation with thermal neutrons. It is in-
triguing that one can detect observable effects at speeds
which are three orders of magnitude smaller than the
speed of electron in the hydrogen atom. From a geo-
metric point of view the experiment can be regarded as
explicitly verifying the curvature of the relativistic ve-
locity space—a feature that sets apart the relativistic and
non-relativistic theories of spacetime.
Wigner rotation.—Wigner rotation originates in the
fact that the subset of pure Lorentz boosts does not form
a subgroup of the Lorentz group. The combination of
two boosts Λ(v1) and Λ(v2) is in general a boost and a
rotation,
Λ(v2)Λ(v1) = W (ω)Λ(v3), (1)
where W (ω) ∈ SO(3) is the Wigner rotation with angle
ω around the axis nˆ = vˆ2 × vˆ1 orthogonal to the plane
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specified by v1 and v2. Wigner rotation is a truly rela-
tivistic phenomenon both in the conceptual and quan-
titative senses. The latter means that in a simple sce-
nario consisting of two boosts the rotation angle be-
comes significant at large velocities. For v1,2 = 0.5c
when velocities are orthogonal the rotation is 8◦, while
at v1,2 = 0.1c it is barely measurable at 0.3◦. However,
one can achieve a measurable effect at low velocities by
noting another property of the Wigner rotation, namely,
that it is cumulative. From a geometric point of view, in
the Wigner representation a massive relativistic spin-1/2
particle with mass m is described by C2-valued square
integrable functions on the mass hyperboloid. Equiva-
lently, it is easier to work in the velocity space, which
is a hyperbolic space with constant Gaussian curvature
K = 1. In this picture, a boost corresponds to paral-
lel transportation of the quantum state along a geodesic.
Since the velocity space is curved, parallel transporta-
tion of spin around a closed loop will in general result
in a net rotation. The angle ∆α between the initial and
final vectors is given by [2]
∆α =
∫
U
K dS, (2)
where U is the region whose boundary ∂U corresponds
to the path of the particle.
Experiment.—Consider a setup shown in Fig. 1 where
a spin-1/2 particle with mass m and momentum |p〉
comes in from the left with the initial spin prepared in
state |↑〉. We assume that the momentum and spin lie
in the plane of the figure. The particle then follows a
path around the circle where it undergoes a series of
small non-collinear boosts, each of which produces a
tiny Wigner rotation. The total Wigner angle ω ≡ ∆α
accumulated as a result of a single orbital revolution
around the circle at constant speed v can be calculated
with Eq. (2). Using polar coordinates the volume ele-
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2Figure 1. Experimental setup for measuring Wigner rotation. Path of
the particle is shown as solid line. The particle with momentum |p〉
and spin |↑〉 enters from the left and orbits k times around the circle.
It then exits towards the measurement apparatus M which measures
the direction of spin. Each orbital revolution around the circle
produces spin rotation by ω, resulting in the total rotation of kω.
ment of the velocity space can be written as
dS =
u
(1− u2)3/2
dudφ. (3)
For a circle with radius v we get [3]
ω(v) =
∫ 2pi
0
∫ v
0
u
(1− u2)3/2
dudφ = 2pi [γ(v)− 1] . (4)
While this angle is still too small for detection in prac-
tice, the effect can be amplified by letting the particle
travel around the circle k times: this produces the total
rotation of kω. The initial and final states of the particle
are related by the evolution
|p〉⊗ |↑〉 −→ |p〉⊗U(kω) |↑〉, (5)
where U(ω) = exp (−iωnˆσ/2) is a rotation by ω around
unit vector nˆ orthogonal to the plane of the circle, with
σ = (σx, σy, σz) the vector of Pauli matrices. A mea-
surement M carried out on the final spin state U(kω) |↑〉
shows the difference between the directions of the ini-
tial and final spins. Note that we have assumed that the
particle undergoes maximal Wigner rotation. This is be-
cause we specified above that the initial spin lies in the
plane of the circle or, equivalently, in the plane of the
boosts around the circle.
Thermal neutrons.—A possible implementation of the
experiment at non-relativistic speeds is in the context of
neutron polarimetry [4–6]. Let us analyze the magni-
tude of the effect in this setting. Our system will con-
sist of thermal neutrons traveling at v = 2 · 103 m/s and
having a mean lifetime τ = 887 s or about 15 minutes.
Suppose the circle has radius r, then the system makes
v/2pir revolutions in unit time 1 s. We obtain the total
rotation ωT by multiplying with the duration t of the ex-
periment and the angle ω(v) per one revolution given in
Eq. (4),
ωT (v, r, t) =
v
2pir
· t · ω(v). (6)
Plot of ωT (v, r, t) for thermal neutrons with t = τ as well
as longer times is shown in Fig. 2. We see that a total
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Figure 2. Dependence of the total Wigner rotation ωT on the radius r
of circle for a particle with v = 2 · 103 m/s, and duration of
experiment t is τ (red), 2τ (blue), 3τ (green) and 4τ (black).
spin rotation of about 1.1◦ will be observed for mean
lifetimes when the guiding ring has radius r = 2 mm.
This is close to the precision of 1◦ achievable in a stan-
dard configuration [7]. However, since the total rota-
tion is proportional to the duration of experiment, the
effect will be twice as large at about 2.2◦ for experiments
that last twice as long, and even larger for longer times.
Longer experiments need to take into account loss of
signal due to loss of neutrons through beta decay and
although this is a restriction it is not a critical issue.
Conclusion.—We have discussed an experiment that
allows to verify Wigner’s rotation in the non-relativistic
regime. The speeds involved are significantly lower
than that of an electron in a hydrogen (like) atom which
scales as 1/137 c. Another advantage lies in that the
scheme provides a direct test by measuring spin rota-
tion. This is in contrast to atomic spectroscopy, which is
commonly regarded as a confirmation of Wigner’s rota-
tion in the quantum domain and where one observes an
effect of Wigner’s rotation—the spectrum which arises
due to a contribution from the Wigner rotation. Al-
though mean lifetime leads to a spin rotation of 1.1◦, the
parameters determining the outcome are tunable and
enable larger effects as well. An experiment that lasts
about an hour yields a larger angle of 4.4◦. In the same
vein, a ring with smaller radius gives more spin rotation
since radius is inversely proportional to the total rota-
tion ωT in Eq. (6).
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